Abstract. Fix a prime , and let F q be a finite field with q ≡ 1 (mod ) elements. If > 2 and q 1, we show that asymptotically ( − 1) 2 /2 2 of the elliptic curves E/F q with complete rational -torsion are such that E/ P does not have complete rational -torsion for any point P ∈ E(F q ) of order . For = 2 the asymptotic density is 0 or 1/4, depending whether q ≡ 1 (mod 4) or 3 (mod 4). We also show that for any , if E/F q has an F q -rational point R of order 2 , then E/ R always has complete rational -torsion.
Introduction
By Tate's isogeny theorem [14, p. 139 ], two elliptic curves over a finite field k are kisogenous if and only if they have the same number of k-rational points. However, the isogeny need not preserve the group structure of the k-rational points of the respective curves. For example, for E : y 2 = x(x − 1)(x + 1) we have E(F 5 ) Z/2 × Z/2. By explicit computations (cf. [15] , [13, p . 70]), we find that E/ (0, 0) is F 5 -isomorphic to E as elliptic curves (not via the quotient map, of course), but that the group of F 5 -rational points of both E/ (1, 0) and E/ (−1, 0) are cyclic. In this paper we investigate the problem of how often the quotient map by a k-rational torsion point preserves the group structure. Note that the group homomorphism induced by an isogeny φ is an isomorphism on the prime-to-deg(φ) part of the group of rational points, so it suffices to focus on the k-rational deg(φ)-torsion.
Let be a prime, and let E/K be an elliptic curve over a field. Denote by [ ] : E→E the multiplication-by-isogeny on E, and denote by E[ ](K) the K-rational points of the kernel of this isogeny. For the rest of this paper, we take K to be F q , a finite field of size q with q ≡ 1 (mod ). This condition is necessary for the set S(F q , ) := the set of F q -isomorphism classes of elliptic curves E with E[ ](F q ) = E[ ](F q ) to be non-empty; this follows from properties of the Weil pairing ( [13, p. 96 ]; see also Thm 2.1(c)). If = 2 then q is odd, so y 2 = x(x − 1)(x + 1) belongs to S(F q , 2); in particular S(F q , 2) is not empty. In general, S(F q , ) is not empty for q ≥ 4 (see Lemma 2.2). We also define S 0 (F q , ) = {E ∈ S(F q , ) : E/ P ∈ S(F q , ) for every non-zero point P ∈ E[ ] }, S * (F q , ) = {E ∈ S(F q , ) : E/ P ∈ S(F q , ) for every non-zero point P ∈ E[ ] }. and ratios R 0 (F q , ) = #S 0 (F q , ) #S(F q , ) and R * (F q , ) = #S * (F q , ) #S(F q , ) .
Theorem 1.1.
(a) Let be an odd prime. For all q ≡ 1 (mod ), we have
(b) Suppose = 2. For 1 ≤ j ≤ 3, define S j (F q , 2) = E ∈ S(F q , 2) : E/ P ∈ S(F q , 2) for at least j distinct points P ∈ E of order 2 .
Then the ratio R j (F q , 2) = #S j (F q , 2)/#S(F q , 2) is given by q (mod 4) R 0 (F q , 2) R 1 (F q , 2) R 2 (F q , 2) R 3 (F q , 2)
where each | i (q)| ≤ 23/12 and depends on q (mod 24) only.
If a curve in S(F q , ) belongs to S 0 (F q , ), then some quotient of this curve by an -torsion point must have an F q -rational point of order 2 . Apply the dual isogeny and we are led to ask how often an elliptic curve E/F q with an F q -rational point R of order 2 is such that E/ [ ]R is in S(F q , ). The answer is surprisingly simple and uniform. Theorem 1.2. Let be a prime, and let F q be a finite field of cardinality q ≡ 1 (mod ). Let E be an elliptic curve over F q with an F q -rational point R of order 2 . Then E/ [ ]R has complete F q -rational -torsion. Theorem 1.2 implies that if S(F q , ) is empty then no elliptic curve over F q has an F q -point of order
2 . This already follows essentially from Deuring's work on complex multiplication [2] ; see Theorem 2.1 below. In fact, from these classical works we can derive closed form expressions (Theorem 5.3) for S(F q , ) and S * (F q , ). While it is not clear (to us) how to use these expressions to prove Theorem 1.1, we can use them to test how sharp the estimates are in the Theorem. See Section 5 for more details.
In Section 2, we collect useful, classical facts about elliptic curves over finite fields. In Section 3, we prove Theorem 1.2; combined with an equidistribution argument, this allows us to prove the asymptotic result Theorem 1.1(a). Section 4 takes up the analysis of 2-torsion, and in particular proves Theorem 1.1 (b) . In Section 5, we follow the suggestion (indeed, detailed sketch) of the referee to derive and interpret formulae for S(F q , ), S 0 (F q , ) and S * (F q , ) in terms of class numbers. Finally, many of our results, especially those of Section 3, generalize readily to abelian varieties of arbitrary dimension. This is explained in greater detail in Section 6.
Existence of curves with split torsion
In this section we prove Lemma 2.2 which is stated in the introduction. It is in fact an immediate consequence of the work of Schoof [9] , which in turn is based on Deuring's work on complex multiplication [2] . We now summary the relevant parts of Schoof's work, concentrating on the case of ordinary curves in view of the discussion in Section 5. First, we introduce some notation. 
where d run through all positive integers such that d 2 |∆ and that ∆/d 2 ≡ 0 or 1 (mod 4). In particular, h(∆) is the usual class number of O(∆), the unique complex quadratic order of discriminant ∆.
For any integer t 2 ≤ 4q, denote by I(F q , t) the set of F q -isomorphism classes of elliptic curves with q + 1 − t F q -rational points. Either each elliptic curve in the isogeny class I(F q , t) is supersingular, or each is ordinary; the isogeny class is ordinary if and only if gcd(t, q) = 1.
For a prime number , let S(F q , , t) = S(F q , ) ∩ I(F q , t), and define S * (F q , , t) and S 0 (F q , , t) analogously.
The following results are taken verbatim from [9] .
Theorem 2.1 (Schoof) . Let q be a prime power and let t be an integer such that t 2 ≤ 4q and gcd(t, q) = 1.
(a) [9, Thm. 4.
Let be a prime number such that gcd( , q) = 1. We have E ∈ S(F q , , t) if and only if q + 1 − t ≡ 0 mod 2 and O(
2 ) ⊂ End Fq (E). Lemma 2.2. Let n be an odd integer with q ≡ 1 (mod n). Then there exists an ordinary elliptic curve E ∈ S(F q , n) if q ≥ n 4 .
Proof. We can find an integer t ∈ [0, n 2 ] such that t ≡ q + 1 (mod n 2 ). Replace t by t + n 2 if necessary, we can further require that gcd(t, q) = 1 and t 2 ≤ (t + n 2 ) ≤ 4n 2 ≤ 4q. Apply Theorem 2.1 and we are done.
Remark 2.3. For odd , the curves in S(F q , ) are parameterized by the F q -points of the fine moduli Y ( ). The modular curve X( ) has genus 1 + ( 2 − 1)( − 6)/24, so the Riemann hypothesis implies that X( )(F q ) is not empty for q 6 , which is weaker than Lemma 2.2.
3. The case of odd 3.1. Pointwise results. Throughout this section we consider an elliptic curve E over a field K in which the odd, rational prime is invertible. Consequently, for each n, each element of E[ n ](K) is actually defined over a separable extension of K. In particular,
with generators P and Q. Then K contains a primitive th root of unity. Suppose R ∈ E(K) satisfies [ ]R = P . Let E = E/ P , and let R and Q be the images of R and Q in E (K). Then E [ ](K) is generated by R and Q .
Proof. The existence of ζ ∈ K comes from the Gal(K)-equivariance of the Weil pairing, cf. [13, p. 96] . For the second claim, since
it is clear that R , Q ∈ E [ ](K); it remains to show that they are linearly independent.
Suppose otherwise; then there is some a ∈ F with
Lemma 3.2. Let E/K be an elliptic curve, and suppose that K contains a primitive th root of unity. Suppose that
and only if the coset
; it remains to verify that R and Q are actually defined over K. The hypothesis on K, combined with the Gal(K)-equivariance of the Weil pairing, means that for each σ ∈ Gal(K) one has σ(Q) = Q + [a σ ]P for some a σ ∈ Z/ . Consequently, σ(Q) ≡ Q mod P , and Q ∈ E(K). Therefore, E [ ](K) ∼ = Z/ ⊕ Z/ if and only if the coset R + P / P is Gal(K)-stable.
For (b) , use the fact that [ ]
Proof of Theorem 1.2. If R ∈ E(F q ) has order 2 , then with P := [ ]R the hypothesis of Lemma 3.1(a) is satisfied, and Theorem 1.2 follows.
We end this section with the following application of Lemma 3.1; it will be useful for the proof of Theorem 1.1(a). Lemma 3.3. Let E/F q be an elliptic curve over a finite field such that q ≡ 1 mod . Suppose
(a) After a choice of basis for E[ 2 ](F q ), the action of Fr E/Fq on the 2 -torsion is given by a matrix α = 1 + β ∈ GL 2 (Z/ 2 ), where β ∈ Mat 2 (Z/ ). (b) The following are equivalent:
(ii) The matrix β has no F -rational eigenspace. (c) The following are equivalent:
(ii) The matrix β is scalar. 
It is a classical fact (e.g., [4, Cor. 10 
is a smooth, geometrically irreducible affine curve. Let X(N ) be its compactification; since we have inverted N , X(N ) has smooth, projective fibers. Let
be the degree of the modular map X(N ) → X(1) ∼ = P 1 . By [11, p. 23 ], the genus of
Let (E, Φ) be the universal elliptic curve over Y (N ) with trivialized N -torsion. For any natural number M and field K equipped with a morphism Z[1/M N, ζ N ] → K, and geometric point s of Y (N ) K , there is a monodromy representation
We will need to compute the image of this representation in the case where (N, M ) = ( , 2 ). To express the answer, the following notation is convenient. Let
for each natural number r, let
Lemma 3.4. Let be an odd prime, let K be an algebraically closed field equipped with a primitive th root of unity, and let s be a geometric point of Y ( ) K . The image of the monodromy representation
Proof
2 ) → Y ( ). The fiber over a point of Y ( ) is a torsor under the automorphisms of (Z/ 2 ) ⊕2 that are congruent to the identity and preserve the determinant. Consequently, Y ( 2 ) → Y ( ) isétale and Galois, with covering group
of determinant one and congruent to one modulo is realized by some element of the fundamental group of Y ( ) K ; this is exactly the desired statement.
If E/F q has full rational -torsion, then (after a choice of basis for E[ ](F q )) its Frobenius determines an element Fr E/Fq, 2 ∈ G ; the conjugacy class of Fr E/Fq, 2 is independent of this choice.
2 ) be a subset that is stable under conjugation. Then for each q > ( 3 − + 12) 2 /9 with q ≡ 1 mod ,
Note that if q ≡ 1 mod , then G (q) and Y ( )(F q ) are both empty.
Proof. Fix a geometric point η ∈ Y ( ) whose characteristic is that of F q ; by Lemma 3.4, the image of the (geometric) monodromy representation
is all of G (0) . Since is relatively prime to the characteristic of the base field, the cover
2 , then the quantity on the left-hand side of (3.4) is bounded by 2|χ(Y ( ) η )|#G / √ q.
Now let
W 0 = {α = 1 + β ∈ G : β has no F -rational eigenvalue}
each is stable under conjugation. For t ∈ F , let N t = {β ∈ Mat 2 (F ) : tr(β) = t and β has no F -rational eigenvalue} and #W (q) * = 1.
Proof. As explained above, W (q) 0 coincides with the set N q , whose cardinality is given by Lemma 3.6. For W (q) * , since is odd it is clear that there is a unique scalar matrix with given trace.
Proof of Theorem 1.1(a). Consider the set S(F q , ) of F q -isomorphism classes of elliptic curves with full rational -torsion. Since ≥ 3, each elliptic curve E in S(F q , ) is represented by exactly #SL 2 (Z/ ) points (E, {P, Q}) ∈ Y ( )(F q ). Moreover, Fr E/Fq, 2 ∈ W 0 if and only if E ∈ S 0 (F q , ) (Lemma 3.3(b)). Therefore, #S 0 (F q , )/#S(F q , ) is exactly the proportion of points s ∈ Y ( )(F q ) for which Fr Es/Fq, 2 ∈ W (q) 0 . This proportion is calculated in Lemmas 3.5 and 3.7; the result for #S * (F q , )/#S(F q , ) is deduced in an entirely analogous fashion.
The case of = 2
Let F q be a finite field of odd cardinality. Then every elliptic curve in S(F q , 2) is given either by a Legendre curve y 2 = y(x − 1)(x − λ) with λ ∈ F q − {0, 1} or a quadratic twist of such. In particular, every curve in S(2, F q ) has a model of the form
Using the explicit formula in [15] (cf. also [13, p. 70]) we obtain the following equations for the quotient curves E λ,D,i := E λ / P i :
Note that S 0 (F q , 2) is the complement of S 1 (F q , 2) in S(F q , 2). So to prove Theorem 1.1 (b) it suffices to consider the sets S j (F q , 2) for 1 ≤ j ≤ 3.
With the notation as above,
) with t i ∈ F q − {0, ±1}. In particular, E λ,D,i ∈ S(F q , 2) for exactly (q − 3)/2 of the λ ∈ F q − {0, 1}. ) the usual quadratic character. Then for any two distinct indices i, j ∈ {1, 2, 3}, the pair of quotient curves E λ,D,i , E λ,D,j are both in S(F q , 2) for (q − 4 − ( Proof. From the Weierstrass equations for the E λ,D,i above we can readily determine the 2-division fields of these quotient curves; these fields turn out to be independent of D:
Part (a) is now immediate. Next, suppose that both E λ,D,1 and E λ,D,2 are in S(F q , 2). That means λ = t 2 = 1 − u 2 for some t, u ∈ F q − {0, ±1}. Since q is odd, the usual parameterization of Pythagorean triples gives t = t(s) := 2s/(1 + s 2 ) for some s ∈ F q . The condition t, u ∈ {0, ±1} becomes s ∈ {0, ±1}, and of course s cannot be a primitive 4-th root of unity ζ 4 ; the latter are in F q precisely when (
Thus s → λ = t(s)
2 defines a set map F × q − {s : s 4 = 1}→F q − {0, ±1} whose fiber above t(s) is {±s, ±1/s}. This fiber has size exactly 4 unless s 2 = ±1. Since we already excluded ±1 and ±ζ 4 (if they exist) from the domain of this map, the image of this map has size (q − 4 − ( Finally, suppose all three E λ,D,i are in S(F q , 2). By (4.2), each of λ, 1 − λ, λ(λ − 1) is a square in F q . Thus −1 is a square in F q , and so ζ 4 ∈ F q . Since both E λ,D,1 , E λ,D,2 are in S(F q ), as we saw in the argument for Part (b), we get λ = t 2 with t = 2s/(1 + s 2 ) for some s ∈ F q − {0, ±1, ±ζ 4 }.
Apply the same argument to the pair E λ,D,2 , E λ,D,3 now gives (for the same t) follows by applying the inclusion-exclusion principle, and Part (e) and (f) follows from Part (a).
Note that E λ,D (resp. E λ,D,i ) is the quadratic twist of E λ,1 (resp. E λ,1,i ) by D. The following result is an immediate consequence of the 2-division fields calculation (4.2) which in turns follows from the explicit form of the quotient curves E λ,D,i . Lemma 4.2. For any λ ∈ F q − {0, 1} and any D ∈ F q − {0}, the curve E λ,D,i is in S(F q , 2) if and only if E λ,1,i is.
Proof of Theorem 1.1 (b) . Note that S 0 (F q , 2) is the complement of S 1 (F q , 2) in S(F q , 2), so for the rest of the proof we will concentrate on the sets S j (F q , 2) for 1 ≤ j ≤ 3.
Since 2 q, we saw at the beginning of this section that every elliptic curve in S(F q , 2) has a model of the form E λ,D for some λ ∈ F q − {0, 1} and D ∈ F q − {0}. Recall that E λ,D is the quadratic twist of E λ,1 by D, so by [13, p. 50 
Set ζ 6 = −1 if 3|q, otherwise let ζ 6 ∈ F q be a primitive 6-th root of unity. Then the six values on the right side are pairwise distinct except when
We check that the elements
are pairwise distinct if 3 q, and that they become the single element −1 when 3|q. Denote by T 0 (F q ) and T 1728 (F q ) the subset of curves in S(F q , 2) with j-invariant 0 and 1728, respectively, and by T (F q ) the set of remaining curves. To prove Theorem 1.1(b) we consider three cases based on whether or not ζ 6 ∈ F q (and if 3 q). We will make frequent use without comment of the following immediate consequence of (4.3) plus Lemma 4.2: if λ ∈ F q gives rise to a curve in S(F q , 2) (resp. S 1 (F q , 2), resp. S 3 (F q , 2)) with j-invariant j 0 = 0, 1728, then there are six values of λ corresponding to two isomorphism classes of curves with the j-invariant j 0 . Case: ζ 6 ∈ F q Then T 0 (F q ) is empty. By the comment above,
Since char(F q ) = 2 or 3, any curve with j-invariant 1728 is of the form y 2 = x 3 − δx with δ ∈ F q . Such a curve is in S(F q , 2) precisely when δ = D 2 for some D ∈ F q , in which case the curve is simply E −1,D . Apply Lemma 4.2 again and we see that #T 1728 (F q ) = 2. Combine everything and we see that if q ≡ 2 (mod 3) then (4.6) #S(F q , 2) = (q − 5)/3 + 2 = (q + 1)/3.
We now examine how many of these curves have quotients by 2-isogenies that are also in S(F q , 2).
is made up entirely of curves with non-zero j-invariants. By Lemma 4.1(d),
Lemma 4.1(c) says that S 3 (F q , 2) is empty, and by Lemma 4.1(b) plus inclusion-exclusion,
This completes the proof of Theorem 1.1(b).
Class numbers
Deuring's work on elliptic curves over finite fields, such as that summarized in Theorem 2.1, allows an alternative approach to calculating S 0 (F q , ) and S (F q , ). In this section we supplement this classical knowledge with the more modern perspective of isogeny volcanoes in order to derive explicit formulae ((5.2) and (5.3)) for these quantities. As we noted above in the introduction, this section freely incorporates suggestions and ideas from a referee.
For the moment, fix a prime power q and an integer t such that t 2 ≤ 4q and gcd(t, q) = 1. As in Section 2, let I(F q , t) denote the isogeny class of elliptic curves over F q for which the characteristic polynomial of Frobenius is the polynomial
the assumption gcd(t, q) = 1 is equivalent to the condition that each E ∈ I(F q , t) is ordinary. Let O t,q be the order Z[X]/(X 2 − tX + q), and let K t,q be its splitting field. Let f t,q be the conductor of O t,q , i.e., the index [O Kt,q : O t,q ]. Then the discriminant of O t,q is given by ∆ t,q = f 2 t,q ∆ Kt,q . Recall (Theorem 2.1(a)) that an order O of K t,q arises as the endomorphism ring of an elliptic curve E ∈ I(F q , t) if and only its conductor f satisfies f |f t,q . For E ∈ I(F q , t), let f E be the conductor of the order End(E). Now fix a prime relatively prime to q. An input to the structure theory of isogeny volcanoes is the following collection of observations. Lemma 5.1 (Kohel) . Let E ∈ I(F q , t) be an elliptic curve.
(a) There exists an -isogeny E → E such that f E = f E if and only if ord (f E ) = 0 and is ramified or split in K.
Proof. This is a coarse form of [6, Prop. 23 ]; see also [3, Thm. 21] and [12, Thm. 7] .
In fact, if E → E is an -isogeny, then f E /f E = m for some m ∈ {−1, 0, 1}. Consequently, Lemma 5.1 completely describes the endomorphism rings of elliptic curves -isogenous to a given elliptic curve.
Lemma 5.2. Suppose q ≡ 1 mod , t ≡ 1 + q mod 2 and E ∈ I(F q , t). Then (a) E ∈ S(F q , ) if and only if ord (f E ) < ord (f t,q ); example, the formula
The forgetful functor Y ( ) → Y(1) is a covering map of stacks, with automorphism group SL 2 (Z/ ). For a quadratic imaginary order O, let h(O) = h(O)/#O Table 1 .
Abelian varieties
Many of the results of Section 3 generalize readily to abelian varieties of arbitrary dimension, although it seems difficult to be as precise about the quantities which arise. In this section we give a quick summary of the analogous statements for abelian varieties. The first three lemmas presented here are direct generalizations of the results of Section 3.1, and their proofs are straight-forward.
Let be a rational prime and let K be a field which contains a primitive th root of unity. In particular, is invertible in K.
⊕2g ; let {P, Q 2 , · · · , Q 2g } be a basis for the -torsion. Let X = X/ P , and suppose R ∈ X(K) satisfies [ ]R = P . Let R be the image of R in X (K), and define Q i analogously.
Lemma 6.2. Suppose X/K is an abelian variety of dimension g with X[ ](K) ∼ = (Z/ ) ⊕2g . Let {P, Q 2 , · · · , Q 2g } be a basis for X[ ], and suppose R ∈ X(K) satisfies [ ]R = P . Let X = X/ P . Then X [ ](K) ∼ = (Z/ ) ⊕2g if and only if the set R + P is stable under Gal(K). Now let S be a scheme on which there exists a primitive th root of unity, and suppose that X → S is a principally polarized abelian scheme. Attached to this data and a choice of geometric point s ∈ S is a representation ρ X/S, 2 : π 1 (S, s) → Aut(X s [ 2 ] ). The image of this representation is constrained to live in GSp 2g (Z/ 2 ). We make the further assumption that the image of π 1 (S, s) (geom) is in fact G where m : GSp 2g → G m is the usual "multiplier" map, whose kernel is the symplectic group. Such an example is provided by the universal abelian scheme over A g,1, , the moduli space of principally polarized abelian varieties of dimension g equipped with a trivialization of the -torsion. Alternatively, one can start with any family of abelian varieties with maximal -adic monodromy -for instance, a sufficiently general family of hyperelliptic curves -and then pass to anétale cover of the base which trivializes the -torsion of the abelian scheme. As in, e.g., [1, Prop. 3.4] , an appeal to [5, Thm. 9.7.13] yields:
Lemma 6.4. There exists a constant C = C(X/S, ) such that for each W ⊂ G stable under conjugation and for q 0 with q ≡ 1 mod ,
Taken together with the calculations above, this gives a way to (asymptotically) compute ratios such as the proportion of abelian varieties with full -torsion such that no -isogeny yields an abelian variety with split -torsion
